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ABSTRACT

The core of the mass flux formulation, on which the majority of the current cumulus parameterizations are
based, is to transport physical variables by the so-called mass flux for individual physical components, such as
convective updrafts, downdrafts, and environment. These parameterizations use horizontal means over the sub-
domains occupied by these physical components to define the mass fluxes and transported variables. However,
evaluations of the mass flux formulation against high-resolution spatial data obtained from explicit numerical
models reveal that it substantially underestimates vertical transport of heat, moisture, and momentum by deep
convection.

The present paper proposes an alternative approach, in which the effective values weighted toward extreme
values are used both for the mass flux and the transported variable to obtain an accurate estimate of vertical
transport. Statistically, the distribution of convective variables is so widely distributed within individual sub-
domains that the vertical transports are controlled by extreme values, rather than by simple means. Evaluation
for these effective values are facilitated by considering four categories depending on the sign of both the vertical
velocity and the transported variable, instead of the conventional convective-type classifications. A best estimate
of the effective value is obtained empirically by weighting the variable by a power of one-quarter during the
averaging.

A major consequence of this alternative approach is that the mass fluxes must be defined differently for the
individual variables. Thus, chemical species would not be transported by the same mass flux as that for temperature
or moisture. With this extra elaboration, the proposed formulation provides more robust estimation of the subgrid-
scale convective transports.

1. Introduction

Currently, the majority of cumulus parameterization
is constructed using a mass flux formulation (cf. Eman-
uel and Raymond 1993). The basic idea behind this
formulation is to transport physical variables by the so-
called ‘‘mass flux’’ for individual convective compo-
nents. A major step is to separate subgrid-scale con-
vective variability within the large-scale grid box into
two subdomains, namely the ‘‘environment’’ and con-
vective areas, in the simplest bulk mass flux formula-
tion. The convective area can further be divided, for
example, into the convective-scale and mesoscale. The
physical variables are assumed to be distributed ho-
mogeneously within each subdomain at each vertical

Corresponding author address: Jun-Ichi Yano, Laboratoire de Mé-
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level, which we refer to as the segmentally constant
approximation [cf. Eq. (3.2) below].

This segmentally constant approximation enables one
to estimate vertical fluxes within these individual sub-
domains by a simple product of the mass flux and the
transported variable averaged over each subdomain [cf.
Eq. (3.3) below], which constitutes the core of con-
structing the mass flux formulation (Ooyama 1971; Ar-
akawa and Schubert 1974; Yanai and Johnson 1993).
This formulation originally developed for the thermo-
dynamic variables has been extended for other variables
such as momentum (e.g., Kershaw and Gregory 1997;
Gregory et al. 1997) and chemical species (e.g., Ma-
howald et al. 1995, 1997; Mari et al. 2000). Hence,
consistency of the vertical flux estimated from this mass
flux formulation with both observations (de Laat and
Duynkerke 1998) and cloud-resolving models (CRM;
cf. Moncrieff et al. 1997; Redelsperger et al. 2000) is
a crucial test.

With this general goal in mind, the present paper is
concerned with the estimation of the mass fluxes and
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the transported variables from these high-resolution spa-
tial data by retaining the consistency of the vertical-flux
estimates. However, such estimations are not straight-
forward due to the limitations of the segmentally con-
stant approximation in these realistic situations.

Guichard et al. (1997) have shown in their diagnosis
of a CRM simulation for a Tropical Ocean Global At-
mosphere Coupled Ocean–Atmosphere Response Ex-
periment (TOGA COARE) deep convection period that
when a segmentally constant approximation is applied,
the vertical fluxes both for temperature and moisture are
substantially underestimated, even under the classifi-
cation into 12 subdomains. Here, more precisely (see
section 3 for more details), six cloud types are consid-
ered with further subdivisions into the upward and
downward components within each cloud type. A sim-
ilar problem has also been pointed out, to lesser extent,
in the large-eddy simulations of shallow convection
(e.g., Siebesma and Cuijpers 1995).

The result of these studies suggests an inherent dif-
ficulty of estimating the mass fluxes from these high-
resolution data to realize accurate estimates of vertical
fluxes. Underestimations are typically 30%–50%, sub-
stantial enough to prevent quantitative evaluation.

Thus, a literal application of the mass flux represen-
tation to convective systems does not provide sensible
estimates of the mass flux parameters. We propose an
alternative method. We consider that the mass flux–
based representation should be considered not just as a
simple idealization of realistic convective systems, but
more as an abstraction.

This view is implicit in various previous studies, es-
pecially in the shallow convection context. A notable
example is a series of work by Randall et al. (1992),
de Roode et al. (2000), Lappen and Randall (2001a,b,c),
and others, which considered correspondence of the
bulk mass flux–based representation with the second and
third moments (i.e., variances, covariances, etc.). Here,
these moments are expressed in terms of the parameters
for the bulk mass flux representation under a segmen-
tally constant approximation. As a result, a large enough
number of equations are obtained for determining the
parameters for the bulk mass flux representation. These
equations can, then, be used to determine these param-
eters for any systems that do not necessarily satisfy the
segmentally constant approximation. Thus, the obtained
parameters are considered as effective values based on
an abstraction, rather than a simplification, of the mass
flux representation. Such an abstraction was originally
introduced by Betts (1973) in constructing the mass flux
formulation for shallow convection, in which the mass
flux is defined merely as a measure for vertical con-
vective transports, without referring to the segmentally
constant approximation.

We address the same issue in the context of deep
convection, in which a distinction between updrafts and
downdrafts is crucial. This is a major difference from
the shallow convection context, in which the mass flux

is often simply treated as a single upward variable (e.g.,
Siebesma and Cuijpers 1995). The mass flux formula-
tion in the phase space of the joint probabilities (prob-
ability space, hereinafter) is explicitly considered, rather
than in the real space under the segmentally constant
approximation.

The paper is organized as follows. The CRM exper-
iments are summarized in the next section. The mass
flux formulation for the vertical fluxes in deep convec-
tion, as well as the analysis of Guichard et al. (1997),
are reviewed in section 3. The main analysis is presented
in section 4 by using a snap shot from a CRM exper-
iment, where a consistent method is proposed for esti-
mating the mass fluxes and transported variables from
high-resolution spatial data. The proposed estimation
method also requires a reformulation of mass flux–based
representation accordingly, to which we pay close at-
tention in section 5. The paper concludes with discus-
sions on general implications for the cumulus param-
eterization.

2. CRM experiments

The CRM experiments are performed with a non-
hydrostatic anelastic mesoscale model (Meso-NH) joint-
ly developed by the Laboratoire d’Aerologie and Centre
National de Recherches Météorologigues–Groupe
d’Etude de l’Atmosphère Météorologigue (CNRM–
GAME; cf., Lafore et al. 1998; for details, see infor-
mation available online at http://www.aero.obs-mip.fr/
mesonh/). A doubly periodic domain with the sizes of
512 3 512 km2 with a horizontal resolution of 2 km is
used. The model extends up to 25 km with 47 vertical
levels given in finer resolutions close to the surface (70
m) and gradually stretched upward to a cruder spacing
of 700 m asymptotically. A sponge layer is placed above
the 20-km level, and only the lowest 18 km are con-
sidered in the following analysis. The model is forced
by time-varying large-scale advection of temperature
and moisture, and winds are nudged toward the obser-
vationally deduced values (Grabowski et al. 1996).

The main case analyzed here is a 7-day run during
TOGA COARE, starting from 1200 UTC 10 December
1992. This corresponds to a deep convective period with
a relatively weak wind shear (Guichard et al. 2000). The
snap shot after 30 h of the experiment, when the max-
imum rainfall is experienced (Fig. 1 of Chaboureau and
Bechtold 2002), is used for demonstrations throughout
the paper.

3. Mass flux formulation and the cloud-type
classifications

An important goal of the subgrid-scale parameteri-
zations is to obtain a closed expression for the vertical
eddy fluxes averaged horizontally over the grid box:
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ww dx dyEE
V

^ww& 5 , (3.1)

dx dyEE
V

for a variable w. Here, w is the vertical velocity, and V
is the horizontal global model ‘‘grid-box’’ domain, cor-
responding to the CRM simulation domain in the present
study, for averaging. Throughout this paper, the vari-
ables are defined as deviations from the grid-box domain
means, so that ^w& 5 0. Also note that the effects of the
subgrid-scale turbulent fluxes, parameterized in CRM,
are not considered hereinafter.

The main idea of the mass flux formulation is to ap-
proximate a horizontal grid-box domain into N subdo-
mains, say, V j ( j 5 1, . . . , N) with a constant value
at each vertical level for each variable; that is, w . ^w& j,
w . ^w& j within the subdomain V j. Here, ^ · & j refers to
the average over the subdomain V j. This leads to the
approximation

w(x, y, z) . I (x, y)^w& (z), (3.2)O j j

which we refer to as segmentally constant in the fol-
lowing. Here,

1 (x, y) ∈ VjI (x, y) 5j 50 (x, y) ± Vj

is the index for identifying individual subdomains, and
(x, y), z are the horizontal coordinates and the vertical
coordinate, respectively. Each subdomain is not nec-
essarily confined to a single encircled area, as is the
case for convective towers that are scattered over the
grid-box domain.

As a result, the vertical flux ^ww& j within an individual
subdomain is approximated by

^ww& . ^w& ^w& ,j j j (3.3)

and the total vertical flux is recovered by
N

^ww& . s ^w& ^w& , (3.4)O j j j
j51

where s j is the fractional area occupied by the jth sub-
domain and r is the density. Recall that s jr^w& j is called
the mass flux in the deep convection context.1

Guichard et al. (1997) classified every grid column
in their CRM simulation domain into six cloud types
by following the method introduced by previous studies
(e.g., Tao and Simpson 1989; Sui et al. 1994). The clas-
sification is performed consecutively based on the fol-
lowing criteria (in order): 1) precipitating convection,
if either the surface precipitation rate is higher than 20
mm h21 or if it constitutes a part of an isolated precip-

1 The mass flux is traditionally defined differently for shallow con-
vection [see, e.g., Eq. (2.4) of Randall et al. 1992 and Eq. (4.2) of
Siebesma and Cuijpers 1995].

itating area with the maximum higher than 4 mm h21;
2) a precipitating stratiform area, if the surface precip-
itation is higher than 0.5 mm h21; 3) a nonprecipitating
stratiform area, if the column-integrated total precipi-
tating water (including those of ice phase) is higher than
1 kg m22; 4) shallow clouds, if the condensed water
density (excluding ice crystals and including snow and
graupel) is higher than 5 3 1023 g kg21 at any vertical
level; or 5) ice anvils, if the total condensed water den-
sity (including ice crystals) is higher than 5 3 1023 g
kg21 at any vertical level. The remaining area is clas-
sified as 6) the clear-sky area (environment). Finally,
each cloud type is further divided into height-dependent
upward and downward components. Hence, the total of
N 5 6 3 2 5 12 subdomains are considered. Note that
the threshold 5 3 1023 g kg21 (common to the classi-
fications 4 and 5) is changed to 0.2 g kg21 in the present
study, so that the contribution of the clear-sky increases
to a more reasonable value, without changing the results.

By analyzing a deep convection event (17 February
1993) during TOGA COARE, Guichard et al. (1997)
showed that only a half of the total vertical fluxes of
heat and moisture is explained by Eq. (3.4) under the
segmentally constant approximation (3.2). The same re-
sult (Fig. 1) is reproduced here for a snapshot (t 5 30
h) from our TOGA COARE run for the thermodynamic
variables, as well as for those of two horizontal velocity
components. The adopted mass flux decomposition is
not a good approximation for all the vertical fluxes.
Hence, an alternative approach is required for better
estimations of the mass fluxes and the transported var-
iables to enable direct verification of mass flux–based
parameterizations.

4. Alternative formulation

a. Bulk mass flux approach

When an ergodicity is assumed over the grid-box (i.e.,
CRM) domain, the formulation in the last section can
be recast in probability space. For this purpose, let us
introduce a joint probability distribution density p(w, w)
(cf. Wyngaard and Moeng 1992). Throughout we use p
and P as mathematical symbols for representing the
probability density and the probability, respectively.

Then, the vertical flux is given by an ensemble
mean

^ww& 5 wwp(w, w) dw dw, (4.1)EE
with the integral taken over the entire range for both w
and w. This ensemble mean in the probability space is
equivalent to Eq. (3.1) by ergodicity. This principle is
applied in the following analysis whenever applicable.
Similarly, the probability densities are estimated by
counting the number of occurrences in our numerical
realization.

When a columnwise classification is applied, the total
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FIG. 1. The domain-averaged vertical fluxes from a TOGA COARE CRM experiment after 30 h: (a) heat flux rCp^w9u9&, (b) latent heat
flux rL^w9q9&, and momentum fluxes for (c) the zonal r^w9u9& and (d) the meridional r^w9y9& components. Shown are the total (solid),
estimates based on the categorization into 12 convective subdomains (long-dashed). Here, r is the reference density profile, Cp 5 1005.7
J kg21 K21 is the specific heat at the constant pressure, and L 5 2.501 3 106 J kg21 is the latent heat of condensation.

vertical flux ^ww& is recovered by summing the contri-
bution ^ww& j ( j 5 1, . . . , M, when M types are con-
sidered) from each subdomain, with a weighting of the
probability Pj for the jth type, which is also equivalent
to the fractional area occupied by this type under er-
godicity (i.e., Pj 5 s j) as in Eq. (3.4); that is,

M

^ww& . P ^ww& , (4.2)O j j
j51

but the approximation (3.3) does not necessarily follow,
as will be emphasized.

The computation for each cloud type is performed by
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introducing the joint probability density pj(w, w) for
each type that satisfies

M

p(w, w) 5 P p (w, w). (4.3)O j j
j51

For example, the flux ^ww& j is computed by using pj(w,
w) in place of p(w, w) in Eq. (4.1) and by restricting
the integral to the subdomain V j for the given cloud
type.

For simplicity and without loss of generality, we only
consider the case with M 5 1 in the following, con-
ceptually corresponding to a bulk mass flux formulation.
This is sufficient for an accurate description. By fol-
lowing the standard bulk mass flux formulation, we split
the integral in Eq. (4.1) into the two parts: upward
(w . 0) and downward (w , 0) components. Accord-
ingly, the joint probability can also be separated into
the two parts as

p(w, w) 5 P(w . 0)p(w, w | w . 0)

1 P(w , 0)p(w, w | w , 0), or

p(w, w) 5 P p (w, w) 1 P p (w, w).↑ ↑ ↓ ↓

It follows that

^ww& 5 P ^ww& 1 P ^ww& , (4.4)↑ ↑ ↓ ↓

with

^ww& 5 wwp (w, w) dw dw, (4.5a)↑ EE ↑

^ww& 5 wwp (w, w) dw dw. (4.5b)↓ EE ↓

The main approximation involving the standard mass
flux formulation is to assume a homogeneous distribution
of variables within each component (i.e., segmentally
constant approximation). Hence, it follows that

^ww& . ^w& ^w& ,g g g (4.6)

where g stands for either ↑ or ↓. Here, ^w&g and ^w&g

are defined analogously to Eqs. (4.5a) and (4.5b).
Note that this approximation (4.6) is equivalent to an

approximation for the joint probability:

p (w, w) . p (w)p (w),g g g (4.7)

with g 5 ↑ or ↓. A clear advantage of reconstructing
the mass flux formulation in the probability space is
evident, because the condition (4.7) is much less re-
strictive than Dirac’s delta (or top-hat distribution) as
required under the segmentally constant approximation
in the real space.

The estimate of the vertical fluxes based on this bulk
mass flux approximation is shown by long-dashed
curves in Fig. 2 for the TOGA case (at t 5 30 h). They
only explain a quarter of the total fluxes (solid curves).

The reason for the failure of this approximation is
clear by directly examining the joint probability distri-

bution p(w, u) (Fig. 3). A wide spread of variability in
u over both ascending and descending (w . 0 and
w , 0) parts of the phase space makes the simple mean,
as indicated by two square marks (M) for updrafts and
downdrafts, a poor representation, as also pointed out
by Schumann and Moeng (1991), Randall et al. (1992),
and Wang and Stevens (2000). It is emphasized that, as
already shown by Fig. 1, the result does not change by
further dividing the system into six cloud types. This is
because the spread of the joint probability in phase space
is not decreased with these further classifications (Fig.
4).

This conclusion is consistent with the classical flight
data analysis (LeMone and Zipser 1980; Zipser and
LeMone 1980), and is further supported by both recent
field experiments (Wei et al. 1998; Igau et al. 1999) and
CRM experiments (Xu and Randall 2001). The con-
vective cores consist of air parcels with wide ranges of
thermodynamic quantities. The degree of their spreads
are such that updrafts and downdrafts are not necessarily
positively and negatively buoyant, respectively. Sub-
stantial cases with opposite signs are found (cf. Figs. 3
and 4). Such a wide spectrum is also found in Doppler
radar observations (May and Rajopadhyaya 1999).

b. Quadri-modal approach

A possible way to account for such a wide spread in
w is to further divide the phase space into the parts with
positive and negative w anomalies (denoted by the sub-
scripts 1 and 2, respectively), as considered by Rechou
and Durand (1997):

P ^ww& 5 P ^w, w& 1 P ^ww& , (4.8a)↑ ↑ ↑1 ↑1 ↑2 ↑2

P ^ww& 5 P ^w, w& 1 P ^ww& , (4.8b)↓ ↓ ↓1 ↓1 ↓2 ↓2

where ^ww&g with g 5 ↑1, ↑2, ↓1, ↓2 are defined
analogously to Eqs. (4.5a) and (4.5b). The same ap-
proximation as Eqs. (4.6) or (4.7), but for g 5 ↑1, ↑2,
↓1, ↓2, leads to

^ww& . P ^w& ^w& . (4.9)O g g g
g5↑1,↑2,↓1,↓2

The mean values for these four categories are marked
by triangles (n) in Fig. 3. The resulting estimates for
the fluxes based on this quadri-modal representation
(4.9) are shown by the short-dashed curves in Fig. 2.
Although the estimates substantially improve the rep-
resentation of the flux (as compared to the six-type clas-
sifications in Fig. 1), they still underestimate them.

c. Weighted quadri-modal approach

The quadri-modal representation (4.9) follows the
application of Eq. (4.7) for g 5 ↑1, ↑2, ↓1, ↓2.
The reason for the remaining underestimation is in-
ferred by examining the ratio of the exact value [left-
hand side of Eq. (4.7)] to its approximation (right-hand
side); that is,
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FIG. 2. The same as Fig. 1, with the bulk mass flux (long-dashed), the simple quadri-modal (short-dashed), and the quarter-weighted
quadri-modal (chain-dashed) approaches, and the exact values (solid). Refer to the text for the definition of each approach.

p (w, w)gr̃(w, w) [ . (4.10)
p (w)p (w)g g

This can be considered a local measure of the corre-
lation of the two variables. One obtains a value of r̃ .
1, if a chance of finding the combination is higher than
an estimate based on independence assumption. This
correlation measure (Fig. 5) shows that the two variables
are more correlated for the higher values, as manifested

by higher r̃ at the four corners of the phase space do-
main.

As a result, the effective values of w and w that con-
tribute to the flux are considerably higher than simple
means used in standard mass flux formulation. Such an
effective value ^w&* may be defined by introducing a
weight h(w) into the ensemble averaging, that is,
^w&* 5 ^h(w)w& with a normalization ^h(w)& 5 1. There-
by, we seek an effective value higher than a simple mean
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FIG. 3. The joint probability distribution p(w, u) for the vertical
velocity w and the potential temperature u at z 5 5 km after 30 h of
the TOGA COARE CRM run. Contour interval is 0.2. Various en-
semble means are also shown by M (bulk mass flux means), n (simple
quadri-modal means), and V (quarter-weighted quadri-modal means).
For counting the number of realizations, 30 3 30 boxes are used in
the domain.

FIG. 4. The same as Fig. 3, but for the joint probability distribution
p(w, u | convect) for the convective component. Contour interval is
0.1. Note that both the simple and quarter-weighted quadri-modal
means for the positive ascending category are beyond the phase do-
main shown. The bulk mass flux means obtained here are consistent
with previous core analyses.

FIG. 5. The same as Fig. 3, but the measure of the local correlation
of the two variables r̃(w, w) [defined by Eq. (4.10)]. Contour interval
is 0.25 with the maximum contoured value 4.25.

in magnitude. Thus, heavier weightings are required for
higher absolute values. In other words, the weight h
must increase monotonously with increasing absolute
values of a variable. A simple choice that satisfies this
requirement is to assume a power law

a ah(w) [ | w | /^ | w | &, (4.11)

where a is a constant, and the denominator comes from
the normalization. Importantly, the weighting (4.11) in-
creases homogeneously independent of the scale, as seen
by plotting it as a function of | w | in double logarithmic
scales. We have avoided an exponential form because
it would put discriminatory heavier weightings on larger
absolute values.

The same formula also follows with the conditional
samplings indicated by the subscript g, hence the ef-
fective values are given by

a a^w&* [ ^ | w | w& /^ | w | & ,g g g (4.12)

with g 5 ↑1, ↑2, ↓1, ↓2. As a result, improved
estimates of fluxes are obtained by replacing the aver-
ages in the right-hand side of Eq. (4.9) by the effective
values; that is,

^ww& . P ^w&*^w&*. (4.13)O g g g
g5↑1,↑2,↓1,↓2

The modified formula has been tested with the selected
values, 1/4, 1/2, . . . for a, and a 5 1/4 is found to
provide an acceptable result, which is shown by the
chain-dashed curves in Fig. 2. The agreements with the
exact values are good. These effective values ( ,^w&*g

) are marked by circles (V) in Fig. 3.^w&*g

d. Time dependence and other cases

The proposed modified formulation is applied to the
duration of the TOGA COARE experiment. The ver-
tical-flux profiles averaged over the whole experiment
period are similar to Figs. 1 and 2 (not shown). The
time dependence is summarized in Fig. 6, where the
vertical rms errors for the fluxes based on the three
methods, considered in previous subsections, are plotted
as time series (with the curves corresponding to the
same fluxes as in Fig. 2) along with the vertical standard
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FIG. 6. The time series of the vertical rms errors for the flux es-
timates based on the three methods, with the same curves as in Fig.
2, along with the vertical standard deviation of the fluxes (solid): (a)
heat flux, (b) moisture flux, and the momentum fluxes for (c) the
zonal and (d) the meridional components. Data are sampled every
hour.

deviation of the flux (solid curve). The errors associated
with the quarter-weighted quadri-modal approach
(chain-dashed) are consistently less than those based on
the other methods, and always less than half of a simple
quadri-modal approach (short-dashed) for the thermo-
dynamic fluxes (Figs. 6a,b). A similar performance is
also seen with the momentum fluxes (Figs. 6c,d). We
emphasize that we did not further tune the power ex-
ponent a, which would have provided better results.

The same analysis is further repeated for the two ad-
ditional CRM runs. The first one is with a similar setup
as the standard TOGA case performed for an Atmo-
spheric Radiation Measurement (ARM) experiment pe-
riod over the central United States. The simulation is
performed for 30 h from 1200 UTC 29 June 1997. It
corresponds to a squall-line episode accompanied by a
strong wind shear (Xie et al. 2002). The other is for a
Global Atmosphere Research Program (GARP) Atlantic
Tropical Experiment (GATE) period performed by Gra-
bowski et al. (1998). The three snapshots, as analyzed
in Yano et al. (2001a,b), are analyzed. In both cases,
a 5 1/4 in Eq. (4.12) is found to provide a good estimate
of vertical fluxes (not shown).

5. Modification of the mass flux formulation

a. Overview

Our focus was to accurately estimate the mass fluxes
and the transported variables from high-resolution spa-
tial data for the verifications of the mass flux–based
parameterizations. For this purpose, we have shifted the
standard real-space description based on the segmentally
constant approximation (3.2) to a probability-space de-
scription: the mass flux formulation itself must also be
reformulated.

The required modifications are in terms of the phys-
ical interpretations rather than the formal changes in
formulation, as discussed in this section. The following
considerations also apply to reinterpretations in terms
of moments by Randall et al. (1992), de Roode et al.
(2000), Lappen and Randall (2001a,b,c), as well as the
rescaling approach by Petersen et al. (1999).

The main modification required from a formal point
of view is to replace the simple means ^w& j, ^w& j in Eq.
(3.4) by the effective values , as defined by^w&* ^w&*j j

Eq. (4.12). It follows that, essentially, these draft-mean
values ^w& j, ^w& j are replaced by the effective values

, almost everywhere in repeating the construc-^w&* ^w&*j j

tion of the mass flux formulation in Arakawa and Schu-
bert (1974), for example. Except for this change, the
basic structure remains the same as the original mass
flux formulation.

b. Vertical profiles for quadri-modal components

From a more practical point of view, the major mod-
ification required is to further separate the updraft and
the downdraft components into those for positive and
negative transported quantities. Conceptually, this is
achieved by extending the bulk mass flux formulation
into the quadri-modal mass flux formulation that con-
siders the convective components with positive and neg-
ative transported quantities, respectively. The other im-
portant modification is that these mass fluxes are defined
separately for each transported variable.

In order to examine this issue, the mass fluxes
sg are plotted in Fig. 7 for the four quadri-modal^w&*g
components, with defined by Eq. (4.12), in the unit^w&*g
of velocity. Also note that, here, we have used the equiv-
alence sg 5 Pg by ergodicity. The mass flux profiles
differ for different variables in different degrees.

The updrafts s↑1 for the positive anomalies*^w&↑1

dominates over that for the negative anomalies
(s↑2 ) in the two thermodynamic variables, because*^w&↑2

physically the positively buoyant air tends to bring in
stronger upward motions. On the other hand, the two
updraft components s↑1 and s↑2 are more* *^w& ^w&↑1 ↑2

comparable with the momentum, because there is no
physical reason to expect a dominance of either com-
ponent in its transport.

A relative similarity of the profiles for the two ther-
modynamic variables is consistent with the current bulk
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FIG. 7. The mass fluxes s↑1 (solid), s↑2 (chain-dashed), s↓1 (short-dashed), and s↓2 (long-dashed) for (a) heat flux,* * * *^w& ^w& ^w& ^w&↑1 ↑2 ↓1 ↓2

(b) moisture flux, and the momentum fluxes for (c) the zonal and (d) the meridional components at hour 30 in the TOGA COARE CRM
run.

mass flux–based cumulus parameterizations that use the
same mass flux for these two variables. On the other
hand, qualitatively different mass fluxes required for the
momentum reflects a relative difficulty of representing
the convective momentum transport under the mass flux
formulation (cf. Moncrieff 1997). Our analysis indicates
that a key to a success of the mass flux approach is to
adopt different mass flux profiles for different variables.
Even for the thermodynamic variables, more updrafts

are clearly associated with positive moisture anomalies
than positive temperature anomalies.

Similarly, the transported variables ^w&g for the four
quadri-modal components are plotted in Fig. 8. Inter-
estingly, both the positive and the negative anomalies
are not much distinguished between updraft and down-
draft components, and are almost indistinguishable for
the negative components. On the other hand, asymmetry
of the profiles between the positive and negative com-
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FIG. 8. The effective transported values (solid), (chain-dashed), (short-dashed), and (long-dashed) for (a) heat flux* * * *^w& ^w& ^w& ^w&↑1 ↓1 ↑2 ↓2

(w 5 u), (b) moisture flux (w 5 q), and the momentum fluxes for (c) the zonal (w 5 u) and (d) the meridional (w 5 y) components at hour
30 of the TOGA COARE CRM run.

ponents is sometimes noticeable, more so at different
phases (not shown), and for the moisture profile than
other variables. It is dominated by strong positive anom-
alies in developing phase of convection, and strong neg-
ative anomalies in decaying phase, apparently linked to
strong downdraft drying effects, especially in the ARM
simulation.

Thus, Fig. 8, as well as the repetition of the same
analysis to the whole simulation period and to the two

additional CRM experiments as described in section
4d, indicates that the four components considered here
can be combined into two based on the approxima-
tions

* *^w& . ^w& [ ^w& *, (5.1a)↑1 ↓1 1

* *^w& . ^w& [ ^w& *. (5.1b)↑2 ↓2 2

As a result, Eq. (4.13) reduces to
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FIG. 9. The positive and negative drafts s1*
^w&1*

(solid) and s2*
^w&2*

(long-dashed), defined by Eqs. (5.3a) and (5.3b) for (a) heat flux,
(b) moisture flux, and the momentum fluxes for (c) the zonal and (d) the meridional components at hour 30 in the TOGA COARE CRM
run.

^ww& . s *^w& *^w& * 1 s *^w& *^w& *, (5.2)1 1 1 2 2 2

with the positive and the negative drafts, respectively,
defined by

* *s *^w& * 5 s ^w& 1 s ^w& , (5.3a)1 1 ↑1 ↑1 ↓1 ↓1

* *s *^w& * 5 s ^w& 1 s ^w& , (5.3b)2 2 ↑2 ↑2 ↓2 ↓2

which replace the updrafts and the downdrafts in the
standard bulk mass flux formulation.

These positive and negative drafts are plotted in Fig.
9. As this example shows, for the thermodynamic trans-
ports, the positive and the negative drafts can be inter-
preted as the updrafts and the downdrafts, respectively,
at most of the vertical levels, except for the upper levels
above 10 km, where the updrafts penetrate into a stable
layer. This conclusion also generally applies to the other
CRM cases, except for the ARM case, where the cold
anomalies induced by the cold wake strongly influence
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the whole troposphere. On the other hand, the sign of
the positive and negative drafts have no clear rule for
the momentum transport, with dominance of either
anomalies strongly depending on the dynamical re-
gimes. For example, the TOGA period is dominated by
the upward transport of both anomalies of zonal winds,
whereas the ARM period is characterized by upward
transports of negative anomalies, and downward trans-
ports of positive anomalies, and vice versa for the GATE
period.

It is also noted that the mass fluxes redefined in this
manner represent substantial difference between the two
thermodynamic variables, indicating a necessity for in-
troducing different mass fluxes even for those ther-
modynamic variables for improved convective transport
representations.

c. Further issues

It is emphasized that although the analysis has been
restricted to the bulk mass flux case [i.e., M 5 1 in Eqs.
(4.2) and (4.3)], exactly the same procedure can be re-
peated with the multiple cloud types (i.e., M . 1), hence
the present reformulation can equally be applicable to
the mass flux spectra. However, a major issue that arises
is the necessity of defining the environment in deep-
convection parameterizations.2 The most logical way to
introduce it is as another subdomain. However, even a
simple inspection of simulated horizontal fields suggests
a difficulty in defining such a subdomain that occupies
a majority of the grid box and satisfies a horizontal
homogeneity, as required from the definition of the en-
vironment.

An alternative choice is to simply define the hori-
zontal domain-mean values as the environment com-
ponent, and to consider the convective components as
deviations from this mean, as assumed throughout the
present paper. Formalistically, this reinterpretation is
possible without major consequences because the en-
vironment component is equated with the domain mean,
in any case, under the standard approximations used in
the mass flux formulation for deep convection (cf. Ar-
akawa and Schubert 1974).

However, issues inevitably arise from physical points
of view by shifting our formulation from the real space
to the probability space. As a major consequence, the
horizontal flux divergence terms are no longer logically
reduced to the lateral-exchange terms expressed by en-
trainments and detrainments, as in the standard for-
mulation. This issue is aggravated when the environ-
ment is equated with the domain mean, because the
cloud components are no longer laterally adjacent to the
environment as a result, providing fewer justifications
for this formulation. Nevertheless, these changes in

2 On the other hand, the downward component is typically equated
with the environment in shallow-convection parameterizations (cf.
Betts 1973, 1975; Albrecht et al. 1979).

physical interpretations do not prevent us from using
our CRM diagnoses method for verifying the entrain-
ments and detrainments used in a parameterization. We
simply need to recognize that these parameters are no
longer constrained by the mass continuity, as given by,
for example, Eqs. (3) and (4) of Arakawa and Schubert
(1974). Instead, they can be more freely adjusted under
the reformulation by simply representing general ‘‘dif-
fusion’’ effects (cf. Swann 2001).

To summarize, modification of physical interpreta-
tions are clearly necessary by shifting the mass flux
formulation from the real space to the probability space.
Nevertheless, the overall formulational structure is pre-
served with only minor technical modifications, espe-
cially when the four categories could be combined into
standard updraft and downdraft components, as in the
present case. Therefore, the proposed analysis procedure
enables comparison of the output parameters—such as
mass fluxes, entrainment–detrainment rates, and cloud
variables—from existing mass flux–based parameteri-
zation with CRM simulations in one-to-one fashion.

6. Implications and perspectives

With the increasing capabilities of CRM, a direct
evaluation of cumulus parameterizations is becoming
more and more attractive (cf. Moncrieff et al. 1997;
Redelsperger et al. 2000). Carefully designed field ex-
periments can provide similar datasets (cf. Rechou and
Durand 1997; de Laat and Duynkerke 1998). However,
the complexity of the atmospheric convective systems
means that it is inherently difficult to define the mass
fluxes used in the cumulus parameterizations by these
high-resolution datasets, wherein the physical variables
cannot be easily approximated by segmentally constant
components [cf. Eq. (3.2)], as formally adopted in the
mass flux formulation.

We proposed a modified formulation, which enables
comparison of the bulk mass flux–type parameteriza-
tions with these high-resolution data more directly. For
this purpose, a description in probability phase space is
adopted, instead of real space as in the traditional mass
flux formulation. This circumvents the difficulties as-
sociated with the segmentally constant approximation,
as perceived by Randall et al. (1992).

The emphasis of this new approach is the use of the
effective flux values, because the vertical transports
within the convective systems are predominantly con-
trolled by extreme values, rather than simple ensemble
means. A weighted mean with the weighting defined by
a power of the variable [cf. Eq. (4.12)] is considered
for this purpose. This procedure produces a better es-
timate of vertical fluxes than the simple category means,
because it takes into account the various physical factors
implicitly, such as the typical degree of correlation of
the two variables, and the change of the shape of the
tails of the probability density functions (pdf ). An op-
timized power exponent of one-quarter (1/4) is identified
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for weighting, yet its physical explanation is still to be
pursued.

The rescaling approach proposed by Petersen et al.
(1999) is effectively replaced by weighted averaging in
the present approach. The proposed method also shares
commonality with the moment-expansion-based ap-
proach developed in shallow-convection context (Rand-
all et al. 1992; de Roode et al. 2000; Wang and Stevens
2000; Lappen and Randall 2001a,b,c) in the sense that
the mass flux formulation is interpreted in a more ab-
stract manner in both approaches. Our approach is tai-
lored toward deep convection by distinguishing between
updrafts and downdrafts with a possibility of consid-
ering more components.

The proposed alternative approach outlined here, in
spite of its reformulation in the probability space, es-
sentially retains equivalence with the original mass flux
formulation. Hence, once these reinterpretations are ap-
plied to the existing, current mass flux–based cumulus
parameterizations, they can be directly tested against
CRM data without radically changing their formula-
tions. Nevertheless, various technical and physical is-
sues arise, which have been discussed extensively in
section 5.

The most notable modification from the standard bulk
mass flux formulation is the distinction between positive
and negative anomalies for the transported variables.
Our proposed modification emphasizes the importance
of further considering both the negative ascending and
the positive descending components. This has been rec-
ognized by convective core analyses (LeMone and Zip-
ser 1980). Nevertheless, we anticipate that this proposed
quadri-modal decomposition can be reduced to a form
analogous to the classical bulk mass flux formulation
with the single updraft and downdraft components in
most cases (cf. section 5b). As a result, updrafts, down-
drafts, and the transported values estimated from the
present method can be directly compared with those
obtained from bulk mass flux parameterizations for ver-
ifications of the latter.

These quadri-modal mass fluxes should be defined
separately for the individual transported variables, be-
cause their spatial distributions are inevitably qualita-
tively different for different variables (Fig. 7). This last
point has an important implication for the subgrid-scale
parameterization of momentum and chemical transports.
The difficulty of convective momentum transport pa-
rameterizations has long been known. By the same to-
ken, the chemical species cannot be simply transported
by the same mass flux as the thermodynamic variables,
as currently assumed, but by those specifically defined
for the individual species (cf. Petersen et al. 1999).
While this substantially complicates the issue of the
subgrid-scale transport parameterization, it enables
more accurate estimates of the subgrid-scale transport
for the individual chemical species.
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